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We present a formalism for studying the thermodynamics of black
holes in dilaton gravity. The thermodynamic variables are dened on a
quasilocal surface surrounding the black hole system and are obtained
from a general class of Lagrangians involving a dilaton. The formal-
ism thus accommodates a large number of possible theories and black
hole spacetimes. Many of the thermodynamic quantities are identi-
ed from the contribution of the action on the quasilocal boundary.
The entropy is found using path integral techniques, and a rst law
of thermodynamics is obtained. As an illustration, we calculate the
thermodynamic quantities for two black hole solutions in (1 + 1) di-
mensions: one obtained from a string inspired theory and the other
being a Liouville black hole in the \R = T" theory with a Liouville
eld.
1 Introduction
Although there is no fully viable theory of quantum gravity, we already
know many features that such a theory must possess. If general relativity is
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that will radiate and eventually evaporate completely. An understanding of
the nature of the nal stages of such evaporation remains elusive. We do not
yet know if the information contained within the black hole will re-emerge
or be forever lost. The resolution of this information-loss paradox will give
us much information about the nature of the quantum theory of gravitation
that we seek.
One of the major obstacles in developing a quantum theory of gravitation
is the dimensionality of our spacetime. In lower-dimensional spacetimes,
there are many proposed theories within which the techniques of solving
simple problems are improving. One of the objectives in studying lower-
dimensional theories is to consider problems that are classically similar to
those we have in our four-dimensional spacetime to see how the quantum
theory may be incorporated in the lower-dimensional case. For example, a
resolution to the information loss paradox of black hole evaporation in two
dimensions using a two-dimensional theory of quantum gravity would most
likely suggest a similar resolution in four dimensions exists. The strength
of the analogy will be increased if the resolution is robust for many two-
dimensional theories.
The rst step in achieving this objective is to identify qualitatively simi-
lar classical problems in lower dimensions to those found in four dimensions
as well as a consistent basis of comparison. Various two-dimensional black
holes are known for dierent two-dimensional theories already. One of the
purposes of this paper is to give a formalism by which the thermodynam-
ics of these systems can be compared to the thermodynamics of the well
known four-dimensional black holes. This is an important basis for compar-
ison because it is from thermodynamic considerations that we conclude that
four-dimensional black holes must evaporate.
Dilaton gravity theories are of particular interest in this regard since they
emerge as the low-energy eective eld theory limit of string theories. They
are commonly studied in (1 + 1) dimensions because the two-dimensional
analog of the Lagrangian of general relativity yields trivial eld equations.
In this paper, we consider a large class of theories that are derivable from a
Lagrangian with a dilaton eld in n dimensions. As an illustration, we allow
a possible coupling to a Maxwell eld as well. The class of Lagrangians that
we choose includes the class analyzed by Louis-Martinez and Kunstatter [?]
and this work generalizes many of the results of an earlier paper [?] where
we restricted our analysis to four-dimensional spacetimes.
A second important feature of our analysis is the use of quasilocal quan-
tities to dene our thermodynamic variables. There are a number of ad-
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vantages to using quasilocal methods rather than the more usual practice
of assuming some sort of asymptotic fall-o behaviour (such as asymptotic
atness). Firstly, the quasilocal method is more robust in that it can han-
dle spacetimes of widely varying asymptotic behaviour on the same footing.
Secondly, it provides a natural notion for the division of a thermodynamic
\universe" into a system and a reservoir. Thirdly, it is known that the
statistical mechanics of many systems of interest are well dened only for
nite-sized systems.
There are two principle inuences on the methodology we use. The rst
is the quasilocal method of Brown and York [?, ?], who used the contribu-
tion of the action of general relativity on the quasilocal boundary to identify
thermodynamic quantities, such as energy and angular momentum, appro-
priate for the spacetime contained within the quasilocal boundary. The
particular choice of the boundary terms of the action determine the statis-
tical ensemble when path integral techniques for statistical mechanics are
used. Using the microcanonical ensemble and a \zeroth order" expansion of
the path integral, Brown and York recover the entropy and the rst law of
thermodynamics for black hole spacetimes.
The second inuence is the work of Iyer and Wald [?, ?, ?], who identify
the entropy of a black hole spacetime with the Noether charge associated
with dieomorphism covariance of normalized Killing vectors on the bifur-
cation surface. This technique is valid for a wide range of theories described
by a very general class of dieomorphism-covariant Lagrangians. In fact,
within their common domain of applicability, it has been shown that the
method of Brown and York is equivalent to that of Iyer and Wald [?].
We rst discuss the boundary terms arising from a general n-dimensional
dilaton action in section 2, and we derive expressions for the thermody-
namic variables on the quasilocal boundary in section ??. We also analyze
a Maxwell eld with possible couplings to the dilaton in these sections as
an illustration of how matter is incorporated. In section ??, we restrict our-
selves to the case of a (1 + 1)-dimensional spacetime (n = 2) and obtain
explicit expressions for the thermodynamic quantities in Schwarzschild-like
coordinates. We apply our denitions to two black hole spacetimes arising
from dierent two-dimensional theories in section ??. These provide a use-
ful check that the thermodynamic variables obtained from our statistical
mechanics approach agree with those found from thermodynamics given an
internal energy function and the rst law of thermodynamics. Finally, some
comments are made about the evaporation of these sample black holes in
section ??.
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Notation Throughout this paper, we use the conventions of Wald [?]. We
take the speed of light, the rationalized Planck constant ~, and Boltzmann's
constant to be unity.
2 The Dilaton Action and Boundary Terms
Let spacetime be an n-dimensional manifold on which a metric, g
ab
, is de-
ned. We consider a region,M, of the manifold that has the topology of the
direct product of space-like hypersurface, , with a real (time-like) interval.
In two dimensions, the Riemann tensor has only one independent compo-
























R, is forced to vanish identically.
Thus, a viable theory of gravity in two dimensions must be dierent from
a lower dimension version of General Relativity. We do not yet restrict our
analysis to two dimensions, but the above motivation leads us to consider a















































The dilaton eld is labeled by 	 , while 
M
refers to the matter elds present.





represent the kinetic and potential energies of the
dilaton respectively. The last term, L
M
, involves the matter elds as well
as possible couplings to the metric and the dilaton. We restrict the func-




) by requiring that it contains no derivatives of the metric
or the dilaton. This restriction guarantees that the matter will not con-
tribute to the boundary terms of interest. Furthermore, we require that the
functions D(	), H(	), and V (	) contain no derivatives of the dilaton eld.
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2.1 Variational Boundary Terms
Field equations are those that result in the vanishing of the variation of
the action when certain conditions on the boundary of the region M are
imposed. The exact nature of the boundary conditions are often ignored and
interest is placed on the eld equations alone. However, since we consider
only a nite region,M, the exact nature of the boundary conditions becomes
important. Thus, we carefully examine the variation of the gravitational









Our analysis is similar to that of Burnett and Wald [?], but our Lagrangian
density is more general.
We introduce a one-parameter family of variations of the spacetime met-
ric and the dilaton eld. We nd the resulting variation in the Lagrangian













































































































The variational boundary terms are all contained in 
a
. If the variation
satises sucient conditions such that there is no boundary contribution,

















is the stress tensor arising from the coupling between the matter elds
and the spacetime metric, and U is an analogous quantity arising from























It is an interesting property that the two equations of motion given in equa-














An immediate consequence is that, if the matter elds do not couple to the
dilaton (so that U = 0), and if the second equation of motion, (E
	
) = 0, is




is divergenceless. If we demand that the









, is satised, then it follows that the
stress tensor of the matter must also be divergenceless.
Let us consider more closely the contribution of the boundary terms.
Suppose an element of the boundary has a normal vector n
a
, oriented out-
wards for space-like normal vectors and inwards for time-like vectors, and




=  with  = 1 for space-like/time-like n
a
. First
and second fundamental forms on the boundary (the induced metric on the



















that the boundary is xed under the variations so that variations of the nor-
mal dual-vector on the boundary are proportional to the normal dual-vector.


















The contribution of the boundary terms to the variation of the action








































































Thermodynamics of Dilatonic Black Holes in n Dimensions 7
and D
a
is the derivative operator compatible with the induced metric 
ab
.
The volume element on the boundary is (  det())
1=2
which we write simply
as
p
jj. The last term in equation norm bnd is a total derivative; the
integral of this term is proportional to the projection of 
a
onto the normal
of the boundary of the boundary element. We assume that this normal is
orthogonal to n
a
, and thus it is orthogonal to 
a
as well. Thus, we can
ignore the last term in equation norm bnd.
2.2 Noether Currents and Charges
The Lagrangian density of the gravitational sector is covariant under dieo-
morphisms. Wald [?] has shown that there is a conserved Noether current
associated with this covariance. The conservation of this Noether current
implies the existence of a Noether charge, which can be used to nd the
entropy of black hole spacetimes.
Consider a variation of the Lagrangian density of the gravitational sector,
L
G
, that is associated with dieomorphisms along some vector 
a
. The eld



























































Using the expression for 
a
from equation boundary, as well as the ex-
pressions for the dieomorphic variations of the elds in equations delta g
and delta Psi, we nd an explicit form for the Noether current:
J
a
[] =  2r
b
 
2
[a
r
b]
D(	) +D(	)r
[a

b]

+ 2
b
(E
g
)
ab
m(2.17)
